Mathematical Morphology is a general theory that studies the decompositions of mappings between complete lattices in terms of some families of simple mappings: dilations, erosions, anti-dilations and anti-erosions. Nowadays, this theory is largely used in Image Processing and Computer Vision to extract information from images. The KHOROS system is an open and genera' environment for Image Processing and Visualization that has become very popular. One of the main characteristics of KHOROS is its flexibility, since runs on standard machines, supports several standard data formats, uses a visual programing language, and has tools to help the user to build and install his own programs. A set of new programs can be organized as a subsystem, called Toolbox. This paper presents a fast and comprehensive Mathematical Morphology Toolbox for the KHOROS system, that deals with binary, gray-scale and multiple band images. Each program has specialized algorithms for binary and gray-scale images, that are chosen automatically according to the input data. These implemented algorithms running on current general purpose workstations are as fast as the equivalent ones running on specialized hardware with 1986 technology.
INTRODUCTION
Mathematical Morphology is a solid theoretical body to study mappings between complete lattices and an extremely powerful tool to extract image information 2
Under a theoretical point of view, Mathematical Morphology studies the decomposition of mappings between complete lattices in terms of some families of simple mappings: dilations, erosions, anti-dilations and anti-erosions. These mappings are called the elementary mappings of Mathematical Morphology.
The mappings are built by combining the elementary mappings through the supremum. infimum and composition operations. Once a mapping was built, it can also be used as a primitive in order to build other mappings and so on. The set of primitive mappings and operations is called the Mathematical Morphology toolbox.
Under a practical point of view, the mappings and operations of the Mathematical Morphology toolbox are the tools to extract image information.
Usually, a goal is broken heuristically into subgoals, that are achieved by primitive mappings. The right composition of these primitives gives the mapping that achieves the desired goal. For example, in order to reduce the stripe effect on SPOT images, Banon and rr3 localized the stripe pixels and, then, interpolated new valuesjust for these pixels. In the same way, in order to segment microscopic cell images Barrera4 got a marker for each cell and regions containing groups of cells, before arriving to the image segmentation.
Thus, a good system to perform Mathematical Morphology applications must have two main characteristics: fast algorithms for the elementary mappings and a suitable interface to prototype new mappings.
The KHOROS system is a portable environment for Image Processing and Visualization that has become very popular. It runs on existing standards, has a visual programming language for user interface, and provides tools to build and install new programs.
Section 2 gives a formal specification of the toolbox implemented. Section 3 presents the main characteristics of the KHO-ROS system. Section 4 tells some aspects of the toolbox architecture, resumes section 2 as a set of practical tables and discusses the main algorithms implemented. Section 5 presents an application example. Section 6 gives some further discussions and directions for future works.
MORPHOLOGICAL IMAGE PROCESSING
The mappings of the Mathematical Morphology toolbox can be organized hierarchically, based on their decomposition in terms of the elementary mappings. Thus, taking an increasing complexity order, we defined the following families of operations and mappings: basic image operations and transformations; first, second and third level image transformations.
Basic Image operations and transformations
It has been shown 6, 7 that any transformation between complete lattices can be described in terms of the four classes of elementary transformations of Mathematical Morphology: dilations, erosions, anti-dilations and anti-erosions.
We recall that, in its algebraic sense, the words "dilations, erosions, anti-dilations and anti-erosions" means mappings p from a complete lattice 1 to another one £2 that have the following properties:
In the following, we present some classes of elementary mappings and operations.
Let Z be the set of integers. Let E be a rectangle of Z 2and let K be an interval [0, k] of Z ,with k > 0. The collection of
functions from E to K will represent the gray-scale images of interest. We denote such a collection by KE and byf, g, f and f2 generic elements of K'.
We first recall some useful local operations definitions on images. These definition are based on the structural properties of the interval [0, k] of Z The intersection of f1 and f2 , denoted f1 A f2' is the function in KE given by, for any x in E,
the union of f and f2' denoted f' V f2, is the function in KR given by, for any x in E, C! V f2)(x) = max {Jj(x), f2(x) I .
(2) The two binary operations A and V from K' x K' to KR are called, respectively, intersection and union. Actually, these operations applied to f and f2 produced, respectively, the infimum and the supremum of f1 and f2 with respect to the partial ordering givenby
For this reason, the two binary operations A and V are also called, respectively, infimum and supremum operations (or, simply, inflinum and supremum).
The complementary (or inverse) off. denoted f, is the function in K' given by, for any x in F,
The unary operation from KE to K' is called complementary operation (or inversion). This unary operation is both an anti-dilation and an anti-erosion.
The difference between f1 and f2, denoted f1 f2' is the function in KE given by, for any x in F,
The binary operation from KE x K' to KE is called difference operation (or subtraction). Actually, we have f2 f A (-f2) and we get the equality for binary images, that is, for f1(E) f2(E) {0, kj.
Given a function f E KE, the unary operation f is both an anti-dilation and an anti-erosion, and the unary operation • -f is both a dilation and an erosion.
The comparison between f and f2' denoted f <f2' is the function in K' given by, for any x in E, 242/SPIE Vol. 2300
The binary operation < from K' x KE to K' j called comparison operation. The unary operations ' fand f from KE to K' are called adaptive thresholds with respect to f These unary operations are, respectively, an anti-dilation and an erosion.
Theequality between f and 12' denoted f 12' is the function in K' given by, for any x in E,
The binary operation from K' x KE to KE is called equality operation. Actually, we have (11 12) = (11 f2)A (12 Let f 12' the toggle transform offwith respect to f and 12' denoted f J1f2, is the function in KE given by, for any x in E,
12(x) otherwise. (6) The transformation ' [ . ] . from KE x KE x KE to K? is called toggle transformation. Actually, we have
,
The toggle transformation is both an erosion and a dilation.
We now recall the definitions oftwo important subclasses of dilations and erosions. These definitions are based on the Abehan group property of (Z 2, )
Let B be a subset of Z2 called structural set (or, structural element). We denote by B,, the translate ofB by any vector h in Z2,thatis, Bh= {x+h:xEB}.
We denote by Bt the transpose ofB, that is,
We denote by BC the complement ofB, that is, BC {x: x B}.
The dilation offby B is the function óB(f) in KE, given by. for any x in E.
B(f)(-) = max {f(y) : y C Bt fl E} ; (7) the erosion off by B is the function B(f) in KE, given by, for any x in E, = min{f(y): yE BflE}. (8) In the above expressions, we recall that max(O) = 0 and min(O) = k. The two transformations SB and eB from K' to KE are called, respectively, dilation and erosion by B. The anti-dilation and anti-erosion by B can be built, respectively, from the dilation and erosion by B (see section 2.2).
The transformation t from KE to KE, given by, for any f E K',
is called identity transformation. This transformation is both an erosion and a dilation by the set {o}, where o is the origin of Z2, that is, o = (0, 0). Now, we present some useful properties of dilations and erosions by structural elements. PROPERTY 1. The dilation (erosion) by a structural set B is equivalent to the supreinum (inflinuin) of dilations (erosions) by subsets in a family whose supreinum is B, tlzat Lc,
The Minkowski addition of two subsetsA and B of 2is the subset A B of Z 2, given by AEF3B = U{Ab:bEB}. Aparticular consequence of Properties 1 and 2 is that a dilation and an erosion by any subset B can be built by composing, respectively, dilations and erosions by subsets of the set {-1, 0, 1 }2, calledthe elementary square. Some studies point that this decomposition can lead to algorithms for dilations and erosions more efficient than the direct ones 8(P. 48)• PROPERTY 3. The dilatio,z (erosion) offbv B can be computed by tlze following composition
First level image transformations
These transformations are built by using only once each basic transformation.
Let B be a subset of Z 2, the two transformations B and paB from KE to KE, given by the following compositions j B and e = 'B' (9) are called, respectively, anti-dilation and anti-erosion by B.
The transformation ip from K' to KE, given by the following composition (10) is called morphological gradient.
Let g be an element of KE, the transformations óB.g and EB,g from KE to KE, given by óB,g B A g and B.g 'B g, (11) are called, respectively, conditional (or geodesic) dilation and erosion by B given g.
The transformations YB and PB from KE to K', given by the following compositions YB = OP/B and B B0B' (12) are called, respectively, (morphological) opening and closing by B.
Let A and B be two subsets of V such that A C B, the two transformations AAB and /1A,B from KE to KR, given by the following compositions 'A A BCt and /1A.B 0A v Ct (13) are called, respectively, sup-generating and inf-generating transformations of parameters A and B. The sup-generating mapping of parameters A and B is also called Hit-Miss transformation of parameters A and B.
The two transformations AB and TAB from KR to KR, given by the following compositions A and TAB I V 2AB' (14) are called, respectively, thinning and thickening of parameters A and B.
Let g be an element of KR, the transformations A,B.g and TA,B,g from KR to KE, given by the following compositions
are called, respectively, conditional thinning and thickening by (A, B) given g.
Second level image transformations
These transformations are built by using more than once each basic transformation.
Let B be a subset of 2 the two transformations and e from K' to KE, given, for n > 0, by the following n -1 successive compositions (5 = óB ". B and e = 'B " 'B (16) and, for n =0, (S=t and e=t, are called, respectively, n-dilation and n-erosion by B. Actually, and e are, respectively, equivalent to the dilation and erosion by nB, where riB is given by the following n -1 successive compositions nB=(BEEB)...EI3B
and, for n = 0, nB = {o}.
Let g be an element of KE, the transformations g and .g from K' to KE, given by the following n -1 successive compositions (9,g = B,g B,g and e,g = eB,g . 'B,g' (17) are called, respectively, n-conditional dilation and erosion by B given g.
The two transformations y and ç/ from K' to KE, given by the following compositions ,/ -(3E and / = (18) are called, respectively, n-opening and n-closing by B. Actually, y and /are, respectively, equivalent to the opening and cbsing by nB.
The two transformations (9 and /' from K' to KE, given by the folbowing compositions 0 = çy and ' -yBcb, (19) are called, respectively, n-y-filter and n-y-filter (by B).
The two transformations (1 and ip from KE to K's, given by the fobbowing compositions 0 = yçy and ip = , (20) are called, respectiveby, n-yy-filter and n-y-filter (by B).
Let denote the n-:h', n-y, n-4v/ and n-yy-filter by B generically by ip. Let be a finite sequences ofN subsets in 2, withelements B1 such that B, C B, + . The transformation from K' to KE, given by the following composition
is called an N alternate sequentialfilter of parameter II.
Let .A. and be two finite sequences of n subsets, in z2 respectively, with elements A, and B. such that A, C B.. The two transformations cr" and r' from KE to K', given by the following n -1 successive compositions and r' = TA1B ... ... and T4, -
... rA1,B1 ...
are called, respectively, skeleton by thinning and exoskeleton by thickening ofparameters A. and .
Let g be an element of KE. The transformations £ .g and T .g from KE to KE, given by the following infinite successive compositions Q4.Lg A1,B1,g ... 41.B1,g " and T4g _ A1,B1.g ... Let B be a subset of 2 the transformation iB from KE to KE, given by B V {e ye:
is called morphological skeleton ofparameter B.
The transformation QB from KE to KE, given by
is called last erosion ofparameter B. The transformation /3 from KE to KE, given by, for any g E KE,
is called n-order conditional bisector ofparameter B.
THE KHOROS SYSTEM
9 is a software environment designed for research in image processing. It was created at the Department of Electrical and Computer Engineering atthe University of New Mexico, Albuquerque, USA, and has become very popular. According to recent statistics of the KHOROS group, it has near ten thousand users around the world, that can have support and exchange information by a very active mailing list.
Once image processing encompasses a wide spectrnm of applications, it was designed from a very broad perspective. For example, it includes mechanisms for distributed computing, interactive visualization of many data types. and suitable user interfaces.
One of the most powerful features of KHOROS is CANTATA, its high-level abstract interface. CANTATA is a graphically expressed, data-flow oriented language that provides a visual programming environment for the system. Data flow is an approach in which a program is described as a directed graph, where each node represents an operation (or function) and each direct arc represents a path over which data tokens flow. A CANTATA program is also called a workspace. Figure 1 (d) is an example of a workspace.
KHOROS was designed to be portable and extensible. It relies on existing standards (X Windows and UNIX), incorporates tools for software development and maintenance (a high level user interface specification and a code generation tool set), a flexible data exchange format, tools to export and import standard data formats, and an algorithm library.
There are two main types of programs in the KHOROS system: the vroutines and the xvroutines. The main characteristic of xvroutines is that they have their own graphical user interfaces, while the vroutines do not.
The user programs (vroutines or xvroutines) can be organized as independent subsystems, called toolboxes, that can easily be integrated to the system. Usually, a user toolbox is deposited in a public account at University of New Mexico computer and can be accessed by the community of KHOROS users, via anonymous ftp.
KHOROS has been extensively used 10, ii 12 13 to perform image processing research, algorithm development, and data visualization. In fact, the known applications cover a very broad spectrum: industrial inspection. medical diagnosis, optical measurement, remote sensing, semiconductor processing, optics, medical imaging, ecosystem analysis, cell biology, etc.
A MATHEMATICAL MORPHOLOGY TOOLBOX FOR KHOROS
We implemented the Mathematical Morphology toolbox for binary, gray-scale and multiple band images as a KHOROS toolbox, where each family of morphological mappings is presented as a sub-menu of the toolbox main menu. We called the implemented toolbox MMach, a contraction for Morphological Machine.
Architecture of MMach
Following the theoiy of Mathematical Morphology, al the transformations are built by composition of the elementary transformations and operations. The dilations and erosions are further decomposed, respectively, in terms ofdilations and erosions by subsets of the elementary square.
As the elementary transformations for binary images have some additional properties than the corresponding ones for grayscale images, different algorithms were chosen for each case.
In order to simplify its use, the system was designed to be oriented by data type, that is, when executing a given operation or transformation that makes sense on different data types, it chooses automatically the most efficient algorithm for the current input data. When the input data are multiple band images, the gray-scale algorithms are applied sequentially for each band.
A special data stmcture, much simpler than the standard KHOROS format, was designed to support the structural elements that are subsets of the elementary square.
All the main programs implemented are KHOROS vroutines. Complex transformations can be built either as CANTATA or C programs, that use, respectively, vroutines or subroutines of the available primitives.
Contents of MMach
The toolbox is composed by five groups of programs: basic image operations and transformations, first, second and third level image transformations; other tools ( Table 1 ).
The basic image operations and transformations are: infimum, supremum, inversion, subtraction, adaptive threshold, toggle mapping, dilation and erosion by subsets of the elementary square.
The first level image transformations are: anti-dilation, anti-erosion, morphological gradient, conditional dilation and erosion, opening, closing, sup-generating and inf-generating mapping, thinning and thickening, conditional thinning and thickening.
The second level image transformations are: n-dilation, n-erosion, n-conditional dilation and erosion, n-opening, n-closing, alternate sequential filters (n-çy, n-yçb, n-yçby, n-çy), n-thinning, n-thickening, canonical transformation, dual canonical transformation, and center filter primitive.
The third level image transformations are: opening and closing by reconstruction, center filter, skeleton by thinning, exoskeleton by thickening, conditional skeleton by thinning, conditional exoskeleton by thickening, morphological skeleton, last erosion and conditional bisector.
The other tools are: an interface for the definition of structural elements, clockwise step rotation of structuring elements, comparison between two images and draw of the image edges (extreme lines and columns). The stmctural elements that appear as parameters of the transformations are subsets ofthe elementary square. The sequence of stmctural elements used in the thinning, thickening and canonical transformations are built from clockwise step rotation of a given pair of structural elements. For example, an homotopic skeleton can be built by taking the sequence (A., ),with.A. and fl given by, respectively, as parameter for the skeleton by thinning transformation. The right choice of the parameters for these transformations gives a large number of tools to extract image information: image sharpening and smoothing, threshold segmentation, elimination of particles that hit the image edges, closing of holes, size distributions, skeletons and their characteristic points (triple, end, etc.). geometrical segmentation and filtering, etc. For example, Table 2 , that was adapted from (Serra, 1982, p.392) for the squaregrid, gives some useful pairs of stmcturing elements for the thinning, thickening and canonical transformations.
For each program of the toolbox, there is an on line help associated, that gives the formal definition of the transformation and a set of well known parameters to extract useful image information.
Algorithms of the elementary mappings
Once the elementary mappings and operations are the kernel ofthe system, a considerable effort was put on making them as fast as possible in current general purpose hardware. In order to achieve a better performance, different algorithms were chosen for binary and gray-scale images.
Dilation and erosion for binary images
The key factor used to implement fast dilation and erosion (by strnctural elements) agonthms for binary images is the inherent parallelism of the 32-bit bitwise operations, found in general purpose CPU instructions set.
Following Property 3, the implementation of binary dilation and erosion can be made by translating the image by all the points of the structural element and taking, respectively, the logical OR and the logical AND of the translated images. By using this formu'ation, the parallelism can be easily achieved.
To use the intrinsic parallelism of the logical 32-bit bitwise AND and OR operations, we packthe binary images in sets of 32 pixels in a 32-bit integer.
As the packed image is stored in a row by row basis, vertical translations are efficiently handled by adding the current packed pixel address by the width of the packed image. Horizontal translations are implemented by shifting and masking operations in order to shift across 32-bit integer boundaries.
Using this approach, we can compute 32 pixels in parallel withthe additional benefit of reading and writing the image data in a more efficient packed binary pixel format.
In order to achieve added performance, the image is subdivided in nine image regions: one middle, four corners and four side regions. Each region is processed separately to avoid unnecessary tests for image boundaries.
The KHOROS has a bit format which already supports a packed image format. The implementation follows the 32-bit parallel algorithm described using structural elements that are subsets of the elementary square. Some optimizations were made for the limit cases, when the strnctural element is an empty set or the complete elementary square. Table 2 . Some useful pairs of structural elements for thinning, thickening and canonica' transformations. 
Dilation and erosion for gray-scale images
Following the definition, the implementation of dilations and erosions (by structural elements) can be made by translating the stmctural element over the input image and taking, respectively, the local maximum and minimum.
By this approach, the neighborhood of each pixel need to be accessed, that is, it is necessary to access nNM array elements, where n is the cardinality ofB, and N and P4 are, respectively, the number of lines and columns of the image.
Taking as stmctural elements just subsets of the elementary square, this algorithm leads to good implementations for grayscale dilation and erosion.
The implementation adopted is divided into ten cases, according to the cardinality of the structural element, from zero (empty set) to nine (the complete elementary square). In each case, the stmctural elements points (i.e. , the values for local translations) are stored in a corresponding number of fast registers. The nested conditional expressions were open to avoid unnecessary steps.
In order to achieve a better performance, as in the binary case, the image was subdivided in nine subregions and some optimizations were made for the limit cases. Table 3 shows the performance evaluation for some dilations and erosions, in the binary and gray-scale cases.
Performance evaluation
The time spent for each transformation, given in milliseconds (ms), was calculated from a measure of the time spent by a sequence of a thousand transformations. The machine used was a SUN SPARCstation-2 and the input data were 256 x 256 x 1 (binary) or 256 x 256 x 8 (gray-scale) images.
The speed-up of performing a dilation or an erosion of a binary image by the dedicate algorithm is approximately between 10 to 12 times (Table 3) . The performance of these algorithms are equivalent to the ones running on specialized hardwares built with 1986 technology, 14 that is, 8ms and 0.ls, respectively, for binary and gray-scale images.
S. EXAMPLE OF APPLICATION
To illustrate the use of the Mathematical Morphology toolbox we present a solution (Figure 1 (d) ) to the problem of contour extraction in noisy images. The original image f (Figure 1 (a) ) is a gray-scale image of a disk corrupted by additive Gaussian noise. By using a sequential alternated filter, with three stages and two structural elements B1and B2 (Figure 1 (e) ), we get the filtered image 12 (Figure 1 (b) ):
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By using a threshold transformation, with threshold value 20, and an internal contour extractor (Figure 1 (f) ), we get the contour image f3 (Figure 1 Other examples (workspaces) are deposited in the subdirectory workspaces of the toolbox. Among these examples are: reduction of stripping noise in SPOT images (Banon and Barrera, 1989) , segmentation of digits and symbols of a calculator image, extraction of elongated structures in microscopic images, recognition of disks and squares. Since a high level transformation can be built either as a C program or a CANTATA workspace, the toolbox is useful for two main purposes: to solve real image processing problems and to didactic applications.
As a didactic application, it is possible, for example, to build a workspace that implement the thinning algorithm and gives an interesting animation of its dynamics.
Some workspaces that solve real image analysis problems (restoration, segmentation, pattern recognition, etc.) or implement high level morphological algorithms (skeleton, last erosion, etc.) are deposited in the subdirectory workspaces of the toolbox.
At the moment, we are implementing a complementary set of morphological a'gorithms (distance functions, labeling, Watershed, change of the gradient homotopy, regional maxima and minima, etc.) that will be added to the toolbox.
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